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1 Introduction 
The Influence of Grain Size on the 
Toughness of Monolithic Ceramics 
Experiments have shown that there may be an optimal grain size which maximizes 
the toughness of polycrystalline ceramics. In this paper, we attempt to develop a 
theoretical model which can predict the effect of grain size on the toughness of 
ceramics. We assume that three principal mechanisms affect the toughness of the 
material: distributed microcracking; crack trapping by tough grains; and frictional 
energy dissipation as grains are pulled out in the wake of the crack. The grain size 
influences these mechanisms in several ways. The energy dissipated due to frictional 
crack bridging increases with the size of the bridging grains, tending to improve 
toughness. However, as the grain size increases, the density of microeracks in the 
solid also increases, which eventually weakens the material. In addition, the level 
of inter-granular residual stress is also reduced by microcracking, which as a det-
rimental effect on the toughening due to bridging. We have developed a simple 
model to quantify these effects. However, the model does not predict the dramatic 
loss of strength which has been observed to occur beyond a critical grain size. We 
have the ref ore proposed an alternative explanation for the apparent decrease in 
toughness in coarse grained ceramics. Calculations indicate that in a coarse grained 
material, the main contribution to toughness is due to frictional crack bridging. 
However, to produce this toughening, the bridging zone must be over 500 grains 
long. In practice, the length of the bridging zone in a coarse grained solid may be 
comparable to the dimensions of the specimen used to measure its toughness. Under 
these conditions, it is not appropriate to use the concept of a geometry independent 
toughness to characterize the strength of the specimen. We have therefore developed 
a simple model of a double cantilever beam fracture specimen, which accounts for 
the effects of large scale bridging. Using this. model, we are able to predict the 
apparent decrease in toughness measured in coarse grained specimens. 
The strength of ceramic components is almost invariably 
limited by brittle failure. There is therefore considerable in-
terest in finding methods of improving the fracture properties 
of ceramics, by designing their microstructure appropriately. 
While there are many microstructural features which may af-
fect toughness, the grain size of the solid is perhaps the simplest 
to vary through processing. The objective of this paper is to 
estimate the optimum grain size for a ceramic component, by 
modelling the fracture processes theoretically. 
there is a particular grain size for which toughness is a max-
imum. Similar trends have been reported by a number of other 
investigations (Cook et al., 1985; Swain, 1986; Vekinis et al., 
1990), although among these only Rice et al. (1981) have in-
vestigated the large range of grain size shown in Fig. 1. 
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Our study is motivated by some experimental measurements 
reported by Rice et al. (1981), which show that there is a 
particular grain size with maximizes the strength of ceramic 
specimens. The experiments involved measuring the fracture 
toughness of several ceramics as a function of grain size, using 
double cantilever beam specimens. The results of the experi-
ment are summarized in Fig. 1. It is evident that variations in 
grain size can produce large changes in toughness, and that 
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Fig. 1 Measured variation of toughness with grain size for alumina, 
after Rice et al. (1981) 
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Fig. 2 Model of a grain pulled out in the wake of a crack 
Ceramics are sometimes thought of as ideally brittle mate-
rials, and at first sight it may appear that their toughness should 
be independent of grain size. However, a closer examination 
reveals that, in addition to the work required to create new 
surfaces, several other mechanisms may dissipate energy as a 
crack propagates through the solid. Three mechanisms are 
thought to be particularly important in determining toughness: 
(i) distributed microcracking near the crack tip; (ii) crack de-
flection along weak grain boundaries; and (iii) crack trapping 
combined with crack face bridging by tough grains. 
Microcracks near the crack tip have been shown to have two 
effects. They shield the tip of the crack from remote stress, 
and so increase toughness (Evans and Faber, 1981; Evans, 
1984; Evans and Fu, 1985; Hutchinson, 1987; Ortiz, 1987). 
However, they may also reduce toughness, since a crack may 
propagate through the solid by coalescing with successive 
microcracks ahead of its tip. This process requires less energy 
than to fracture a homogeneous solid (Ortiz, 1988). In contrast, 
crack deflection only enhances the effective toughness of the 
solid. Since the fracture of ceramics is predominantly inter-
granular, cracks tend to follow a tortuous path through the 
material. This increases the area of surface to be fractured, 
and so raises toughness. However, there is evidence to suggest 
that crack trapping and bridging may be the most effective 
toughening mechanisms in polycrystalline ceramics. Swanson 
et al. (1987) and Vekinis et al. (1990) have observed bridging 
particles in the wake of cracks propagating through alumina. 
Vekinis and co-workers also measured a substantial increase 
in toughness as the bridging zone developed. The mechanism 
responsible for forming bridging particles is not fully under-
stood, but they may be caused by variations in fracture tough-
ness between neighboring grains. In this event, the tough grains 
behave as tough they were the reinforcing phase in a composite 
material, and contribute to toughness in two ways. They trap 
the front of a crack propagating through the solid, so that the 
crack can only bypass the obstacles if the load is increased 
(Lange, 1970). In addition, the tough grains remain as bridging 
particles in the wake of the crack. The bridging grains are 
progressively pulled free from the matrix as the crack grows, 
dissipating energy by frictional sliding (Vekinis et al., 1990). 
The grain size of the solid has only a small influence on the 
toughening due to crack deflection, but has a strong effect on 
microcracking and crack bridging. The microcracks in poly-
crystalline ceramics are believed to be a consequence of mi-
crostructural residual stresses in the solid. Tensile stresses acting 
on the boundaries between adjacent grains can cause spon-
taneous cracking along the grain facets (e.g., Kuszyk and Bradt, 
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1973; Cleveland and Bradt, 1978; Fu and Evans, 1985; Fredrich 
and Wong, 1986). As the grain size is increased, the grain 
facets become more likely to fracture. Therefore, at low grain 
sizes, the microcrack density in the solid is small. In this case, 
the microcracks do not weaken the solid and may even produce 
a small increase in toughness due to shielding. However, in a 
specimen with a large grain size, the microcrack density is 
sufficiently large for the weakening effect of the cracks to 
outweigh any beneficial effect of shielding. Indeed, there ap-
pears to be a critical grain size where the solid disintegrates 
spontaneously when it is cooled to room temperature after 
fabrication (Kuszyk and Bradt, 1973; Rice and Pohanka, 1979). 
The grain size has two effects on crack bridging, which are 
best illustrated using the simple model of frictional grain pull-
out shown in Fig. 2. We idealize the grains by circular cylinders 
with radius Rp, and assume they are pinched into the matrix 
by a compressive thermal residual stress a,. We suppose that 
a portion {3 of the surface of the grain is in contact with the 
matrix, and is subjected to a frictional traction fa, where f is 
the coefficient of friction. Then, the force required to pull the 
grain free by a distance o is given by 
P=Po(1-t) (1.1) 
where De is the crack opening displacement required to separate 
completely the grain from the matrix, and Po= 27rRpDef3fa, is 
the maximum pinning force on the grain. The effective coef-
ficient of friction {3f is taken to be an adjustable parameter in 
our model, to be determined by experiment. The energy dis-
sipated per unit area of crack wake due to frictional grain pull-
out is 
(1.2) 
where L is the average spacing between bridging grains. Thus, 
if a,, Del L and RPI L were independent of grain size, the tough-
ening due to crack bridging would increase linearly with grain 
size. However, the residual stress a, is also influenced by grain 
size. When the grain size is large, the residual stresses are 
relaxed by the extensive microcracking in the solid, so that the 
toughening due to crack bridging is reduced. 
In this paper, we describe a model which is used to estimate 
the toughness of a polycrystalline ceramic. For simplicity, we 
have neglected the shielding due to microcracking, and the 
effects of crack deflection: calculations suggest that the tough-
ening due to these mechanisms is small compared to the 
strengthening due to trapping and bridging (Faber and Evans, 
1983; Suresh, 1985; Ortiz, 1987; Bower and Ortiz, 1991). How-
ever, the weakening due to microcracking, and the influence 
of crack trapping and frictional crack bridging are included 
in our model. The calculation involves three stages. We begin 
by summarizing a self-consistent model which predicts the 
microcrack density and residual stress distribution in a poly-
crystalline ceramic as a function of its grain size. Subsequently, 
the competing effects of microcracking and crack trapping are 
investigated, using a three-dimensional model. Finally, the ef-
fects of frictional grain bridging are added using a simple 
cohesive zone approximation, based on the idealized model of 
frictional grain pull-out illustrated in Fig. 2. By combining the 
results of these calculations, we are able to estimate the influ-
ence of grain size on the fracture toughness of the solid. Our 
analysis shows that it is possible to account for the increase 
in toughness with grain size which occurs in fine-grained spec-
imens. However, with any reasonable choice of parameters, 
our model is not able to account for the loss of toughness in 
coarse-grained specimens which are observed experimentally. 
We conclude by offering an explanation for the discrepancy 
between theory and experiment. Although our micromechan-
ical model predicts a substantial increase in toughness in a 
material with a large grain size, the toughness is almost entirely 
due to frictional crack bridging. In order to produce this tough-
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ening, a large bridged zone (10 to 20 mm in length) must form 
in the wake of the crack. Unless the specimen is very much 
larger than this, the full extent of toughening due to crack 
bridging cannot be developed. Furthermore, if the size of the 
specimen is comparable to the length of the bridging zone, it 
is questionable to interpret the strength of the specimen in 
terms of a geometry independent fracture toughness. 
We have therefore developed a simple model of the double 
cantilever beam specimens used by Rice et al. (1981), which 
takes into account the possibility of large scale crack bridging 
in coarse grained specimens. Using this model, we have been 
able to account for the apparent sharp downturn in toughness 
in coarse grained specimens which they observed experimen-
tally. 
2 Residual Stresses and Microcracking 
The residual stress distribution and microcrack density in a 
ceramic specimen have a strong influence on its toughness. We 
begin, therefore, by estimating the density of microcracks and 
levels of residual stress which may be expected in a polycrys-
talline ceramic, as a function of its grain size. 
There are two possible sources of microcracks in ceramics 
which are of interest here. The microcracks may be nucleated 
during fabrication: tensile residual stresses are generated dur-
ing cooling due to the elastic and thermal anisotropy of the 
grains, which may cause the grain facets to fracture. In ad-
dition, further microcracks may be nucleated near the tip of 
a large crack in the specimen, due to the high levels of stress 
near the crack tip. The additional microcracks near the crack 
tip tend to shield it from remote stress, and may cause some 
toughening. However, calculations suggest that the effect of 
shielding is small when compared to other mechanisms of 
toughening such as frictional crack bridging, or crack trapping. 
For simplicity, we will therefore neglect the additional micro-
cracks which may form near the tip of a crack, and assume 
that all the microcracks in the solid are nucleated spontaneously 
during fabrication. 
Several authors have pointed out that the extent of spon-
taneous microcracking in a polycrystalline ceramic is strongly 
dependent on its grain size (Kuzzyk and Bradt, 1973; Pohanka 
et al., 1976; Siebenek et al., 1976; Cleveland and Bradt, 1978). 
A first-order estimate of the extent of thermally induced micro-
cracking can be readily derived as follows. The first step is to 
calculate the magnitude of the thermal residual stresses in the 
absence of any microcracking. To this end, we idealize a po-
lycrystalline ceramic as a two-dimensional assembly of hex-
agonal grains. For simplicity, we assume that all the grains are 
the same size, which may be characterized by the length of a 
grain facet a. The grains are thermally and elastically aniso-
tropic, and the directions of principal axes of anisotropy vary 
randomly from one grain to the next. Ortiz and Suresh (1990) 
have presented detailed numerical simulations of the inter-
granular residual stresses which develop in this system when 
the grains are cooled from their fabrication temperature. Their 
results suggest that the probability CP (a) of a finding a given 
level of residual stress a at a particular point in the solid is 
closely approximated by a normal distribution. For the present 
purposes, we wish to calculate the probability CP (an) of a 
finding a given level of stress an acting perpendicular to a grain 
facet. Provided that the distribution of grain orientations is 
isotropic, it follows that CP (an) is also normal, and may be 
expressed as 
1 ( ln) CP(an)= ~exp - 2&2 (2.1) 
where & denotes the covariance of the distribution. Since CP(an) 
must be independent of the orientation of the grain boundaries, 
0- is equivalent to the covariance of any one component of 
stress in the solid. 
230 I Vol. 115, JULY 1993 
The covariance of the stress distribution & thus provides a 
scalar measure of the magnitude of the residual stresses in the 
solid. Using a self-consistent method, Ortiz and Molinari (1988) 
have derived expressions for 0- for the case of a thermally 
anisotropic but elastically isotropic solid. Their result is 
(2.2) 
where µ and v are the shear modulus and Poisson's ratio of 
the solid, (J is the change in temperature during cooling, and 
ae is an effective thermal expansion coefficient defined in terms 
of the principal thermal expansion coefficients ai. az, and a3 
as 
(2.3) 
Boas and Honeycomb (1945) argued, and Ortiz and Molinari 
(1988) later showed, that in most practical cases it is reasonable 
to neglect the effect of elastic anisotropy on the residual stress 
distribution. However, the numerical calculations of Ortiz and 
Suresh (1990) suggest that for properties typical of structural 
ceramics, the elastic anisotropy of the grains can significantly 
increase the magnitude of the residual stresses. In Appendix 
1, we have therefore derived a self-consistent estimate for & 
which accounts for both thermal and elastic anisotropy. The 
main result is that (2.2) remains valid provided that µ and v 
are interpreted as the effective moduli of the polycrystal and 
ae is computed from an effective thermal expansion tensor, 
given in Eq. (A7). 
In order to predict microcrack densities from these results, 
we assume that the microcracks nucleate within grain bound-
aries at a critical normal stress ac. We further assume that, 
after nucleation, microcracks immediately extend over a com-
plete grain facet and remain stable thereafter. Past work has 
shown that there is a strong dependence of ac on the grain size 
a (Rice and Pohanka, 1979; Singh et al., 1979; Krstic, 1984; Fu 
and Evans, 1985). A widely accepted conjecture is that ac is 
inversely proportional to -JG. For example, if we assume that 
microcracks nucleate when the elastic energy released during 
their growth exceeds the surface energy of a grain facet, we 
find (Ortiz and Molinari, 1988) 
CE-y 37r-Jfi c---(1- v2)a' - 8 (2.4) 
Here E and v are the Young's modulus and Poisson's ratio of 
the ceramic, 'Y is the grain boundary surface energy, and n is 
the number of facets per; grain. Three-dimensional grains are 
sometimes represented as tetrakaidecahedra (Kingery et al., 
1976), which have six sqiiare and eight hexagonal faces, giving 
n = 14. The inverse relation between ac and~ is evident from 
(2.4). The energy balanc'e argument leading to (2.4) has often 
been used to determine a critical grain size for spontaneous 
cracking (Clarke, 1964; Davidge and Green, 1968; Kuszyk and 
Bradt, 1973; Cleveland and Bradt, 1978; Evans, 1978). 
Equations (2.1-2.4) may now be combined to calculate the 
fraction q of grain facets which are likely to fracture during 
cooling. If we assume that the facets break whenever the stress 
perpendicular to the grain boundary an exceeds the fracture 
stress a0 the fraction of broken facets is given by the area 
under the distribution CP(an) over the interval an;;:: ac. Therefore, 
we may write 
1 rco 
q(O-lac)= ~J _exp(-x2/2)dx 
'Y 211" acla 
(2.5) 
Evidently, q is an increasing function of the magnitude of the 
residual stresses & . 
Initially, as the temperature is reduced from its fabrication 
level, & grows in proportion to the temperature drop e. As the 
stress increases, so the microcrack density also grows, as pre-
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Fig. 3 Predicted variation of microcrack density and residual stress 
level with grain size. for alumina 
dieted by (2.5). However, the miciocracks tend to relax the 
residual stresses, so that & must be regarded as a function of 
q. An estimate of the extent to which the residual stresses are 
relaxed due to microcracking can be obtained by using for-
mulae for the effective elastic moduli of a solid containing 
isotropic distribution of penny-shaped cracks, given by Bu-
diansky and O'Connell (1976). These formulae are 
E 16 (1- v2)(10- 3v) 
-=1-- E 
Eo 45 2-v 
µ 32 (1- v2)(5 - P) 
-= 1-- E (2.6) 
P.o 45 2- P 
45 (Po- P)(2- P) 
E=- 2 
16 ( 1 - P )[ 10P0 - P(l + 3 Po)] 
Here, E = N R~ is Budiansky and O'Connell's measure of 
microcrack density, in which N is the number of microcracks 
per unit volume, and Rm is the radius of the cracks. E0 , µ 0 , 
and Po denote the Young's modulus, shear modulus and Pois-
son's ratio of the uncracked solid, while E, µ, and P are the 
elastic constants for the microcracked material. Ortiz and Mol-
inari (1988) have estimated the relation between q and E to be 
3 
E=--q 7r,,r,, (2.7) 
where n is the number of facets per grain. For n = 14, (2.7) 
becomes E ""0.255q. Within a self-consistent framework, the 
stress relaxation due microcracking can be accounted for by 
using Eqs. (2.6) for the elastic moduli in the expression for 
& in (2.2). Clearly, as the elastic moduli are reduced due to 
microcracking, so the level of residual stress &also decreases. 
Given the initial elastic constants E0, µ0, and Po; the surface 
energy')'; the thermal expansion coefficient ae; the temperature 
drop during fabrication 0 and the grain size a, Eqs. (2.1-2.7) 
may be solved for the microcrack density E. The level of residual 
stress & and effective elastic constants for the microcracked 
solid also follow as part of the solution. By way of illustration, 
we have plotted the variation of microcrack density E and 
residual stress & as a function of grain size in Fig. 3, using 
parameters which are representative of polycrystalline alu-
mina. The results show that the microcrack density is small 
for a fine grained solid, but increases sharply beyond a critical 
grain size. At the same time, the residual stress begins to de-
crease. The trends shown in Fig. 3 are in good agreement with 
more accurate finite element calculations reported by Ortiz 
and Suresh (1990). The level of residual stress is also com-
parable to the experimental measurements by Blendell and 
Coble (1982). 
3 Calculation of Effective Toughness 
The method outlined in the preceding section allows the 
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residual stress distribution and microcrack density in a poly-
crystalline ceramic to be calculated as a function of its grain 
size. The next step is to estimate the effective toughness of the 
solid. We assume that three mechanisms affect the toughness 
of the solid: tough grains trap the crack front, tending to 
increasing toughness, while microcracks in the solid provide a 
weak path for crack growth and so reduce the material's 
strength. The third contribution to toughness is the energy 
dissipated as grains are pulled out in the crack wake . 
We have used the simple three-dimensional model illustrated 
in Fig. 4 to account for all three mechanisms. We suppose that 
the solid contains a semi-infinite crack on the plane x3 = 0. The 
crack front is initially straight and parallel to the x2 axis. The 
solid is elastically homogeneous and isotropic, and is assumed 
to be ideally brittle with an intrinsic toughness ggi•1• We will 
assume that the intrinsic toughness is twice the surface energy 
of the solid gg'"' = 2')'. In addition, the solid contains a doubly 
periodic distribution of particles with spacing L ahead of the 
crack front. The particles are intended to model grains whose 
toughness gg•r exceeds that of neighboring grains, so that they 
are left as bridging particles in the wake of the crack. Their 
volume fraction is regarded as an adjustable parameter, to be 
determined by experiment. For simplicity, we idealize the tough 
particles as cylindrical, with the axis of each cylinder parallel 
to the x3 axis. The x3 = 0 plane therefore contains a distribution 
of circular regions, radius RP, where the toughness exceeds 
that of a matrix. In addition, the solid contains a regular 
distribution of microcracks, which are idealized as penny 
shaped cracks, radius Rm, coplanar with the semi-infinite crack. 
The microcracks are assumed to be midway between neigh-
boring particles, as illustrated in Fig. 4. 
We now imagine that the solid is subjected to remote loading, 
so that a distribution of mode I stress intensity factors K(s) 
is induced along the semi-infinite crack. The magnitude of the 
remote load is parameterized by a remote energy release rate 
g"', defined by 
1 lL 
g"'=L]o g(x2)dx2, (3.1) 
where g (x2 ) denotes the variation of local energy release rate 
along the semi-infinite crack, and L denotes one wavelength 
of the crack front. When the remote load reaches a critical 
magnitude, the semi-infinite crack starts to propagate through 
the solid. The symmetry of the configuration ensures that the 
crack is not deflected from its initial plane, but the crack front 
does not remain straight. Parts of the crack which contact the 
tough particles arrest, while the remainder of the crack front 
bows out between the trapping particles. In addition, the mi-
crocracks tend to attract the front of the crack, and so weaken 
the solid. Eventually, the crack front bypasses the tough par-
ticles, either by coalescing with itself on the far side of the 
particles, or else by coalescing with the microcracks. In either 
event, a row of tough grains is left in the crack wake. In our 
model, we assume that the grains debond from the matrix soon 
after they are bypassed, and are progressively pulled free as 
the crack faces separate. Several rows of bridging particles 
may be formed in the crack wake in this way. Eventually, a 
steady state is reached where new bridging grains for at the 
crack tip at the same rate as they are lost in the crack wake. 
Our objective is to calculate the variation of remote load (and 
hence the effective toughness) as the crack propagates through 
the solid. It is convenient to consider the effects of crack 
trapping and frictional crack bridging separately. 
3.1 The Influence of Crack Trapping and Microcracking 
on Toughness. The effects of crack trapping can only be 
investigated by calculating in three dimensions the shape of 
the crack as it propagates through the solid. An approach to 
solving problems of this nature has been devised by Rice (1985, 
1989), and Gao and Rice (1986, 1987), who found a method 
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Fig. 4 Idealized model used to estimate the toughening due to crack 
trapping, bridging and microcracking 
Tough Grain 
Fig. 5 The shape of a semi-infinite crack as it propagates through a 
solid containing microcracks and tough particles 
for calculating the change in stress intensity factor caused by 
a small change in the geometry of a crack. The method has 
been extended to arbitrarily large changes in crack shape by 
Bower and Ortiz (1990). By applying a succession of small 
perturbations to the initially straight semi-infinite crack, it is 
possible to calculate the variation of stress intensity factor 
along the crack front as it bows between the particles. The 
shape of the semi-infinite crack must be found as part of the 
solution. The configuration of the crack is determined from 
the condition that g (s) = g:.n•1 on all propagating regions of 
the crack. Once the distribution of stress intensity factor has 
been found, the toughening due to trapping may be calculated 
using Eq. (3.1). To save space, we will not describe the theory 
involved in the incremental perturbation method here: a full 
discussion is given in Bower and Ortiz (1990, 1991). 
The results of our numerical simulations of a semicinfinite 
crack interacting with tough particles and microcracks are sum-
marized in Figs. 5 to 7. Figure 5 shows the behavior of the 
crack as it bypasses two successive rows of tough particles, for 
a particle radius Rp/L =0.1 and microcrack radius Rm!L = 0.3. 
Crack profiles are shown at various magnitudes of remote stress 
232 /Vol. 115, JULY 1993 
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Fig. 7 The variation of toughness due to trapping alone, as a function 
of microcrack radius 
g00 ;g;_n•1• The tough particles trap the front of the crack, causing 
it to bow out between them as the remote load increases. The 
crack can bypass the obstacles in one of two ways. If the mi-
crocracks are small, the crack eventually coalesces with itself 
on the far side of the tough particles. Alternatively, if the 
microcrack radius exceeds 1a critical value, the crack is attracted 
by the microcracks and eventually coalesces with them. Our 
simulations indicate that for a particle radius Rp/L = 0.1, the 
critical microcrack radius is of the order Rm!L = 0.2. Conse-
quently, in the simulation shown in Fig. 3 the crack eventually 
advances far enough to be attracted by the row of microcracks. 
The remote load begins tb decrease at this point, and drops to 
zero when the semi-infinite crack and microcracks coalesce. 
The process of coalescence cannot be analyzed in detail using 
the incremental perturbation method used here, due to nu-
merical difficulties. We therefore resume the analysis at a later 
stage, as illustrated in Fig. 5. The first row of tough particles 
is left as a row of bridging grains in the crack wake. For 
simplicity, we have assumed that the pinning force on the 
particles P = 0 in this case, so they do not contribute to tough-
ness or influence the crack shape. The semi-infinite crack is 
trapped by the second row of particles, but its front is not 
straight at the instant of contact. Instead, part of the crack 
front lies along the edge of the first row of microcracks. As 
the remote load is increased, the crack bows beyond the second 
row of particles, and eventually coalesces with the second row 
of microcracks. 
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Figure 6 shows the variation of remote load as the crack 
bypasses three successive rows of particles. For simplicity, the 
results neglect the effect of pinning particles in the crack wake. 
The load is plotted as a function of AIL2 , where A denotes 
the area swept by one wavelength of the crack front. To ex-
amine the influence of microcracking, we have shown results 
for three microcrack radii. In each case, the particle radius is 
Rp/L = 0.1. The dashed portion of the curve in Fig. 6 occurs 
during coalescence, and has not been calculated explicitly. We 
have made use of the result that g"' must fall to zero at the 
point of coalescence to deduce the probable shape of the load-
crack advance curve in this region. 
The results in Fig. 6 show clearly the influence of microcracks 
near the crack tip on the process of crack trapping. While the 
microcracks are small, the semi-infinite crack bypasses the 
tough grains by coalescing with itself. Under these conditions, 
the microcracks do not greatly influence its behavior. The stress 
intensity factor on the semi-infinite crack is increased slightly 
by the row of microcracks near its tip. However, this effect is 
not significant unless the semi-infinite crack is very close to 
the microcracks. Thus, the maximum load for Rm!L = 0 and 
Rm!L = 0.2 do not differ greatly. Hqwever, if the microcracks 
are sufficiently large, the crack bypasses the row of particles 
by coalescing with microcracks in its path. In this case, the 
peak value of g"' is significantly reduced, since the crack only 
needs to bow for a short distance beyond the particles before 
it bypasses them. This effect is evident in the results for Rm! 
L>0.3 shown in Fig. 6. 
In our model, the maximum value of microcrack radius 
before neighboring microcracks touch is Rm!L = 11-JS. As the 
microcrack radius approaches this value, the crack only needs 
to advance a short distance to propagate from one row of 
microcracks to the next. In this case, we find that the peak 
load required to bypass the first row of particles is greater than 
the load needed to bypass subsequent rows, as indicated by 
the results for Rm!L>0.3 in Fig. 6. Since the load required to 
bypass the first row of particles is a consequence of our as-
sumption that the semi-infinite crack is initially straight, we 
assume that the effective toughness is equal to the maximum 
load required to bypass subsequent rows of particles. 
The influence of crack trapping on toughness is summarized 
in Fig. 7, which shows the variation of the peak load required 
to bypass a row of particles, gtrap ;g:,nat as a function of micro-
crack radius Rm!L. Results are shown for various densities of 
tough grains Rp/L. The results illustrate clearly the influence 
of microcracking on the process of crack trapping. For low 
microcrack densities, the toughness is almost independent of 
microcrack radius. As the microcrack radius approaches its 
maximum value Rm!L = 11-JS, the toughening effect of trap-
ping drops sharply. 
To combine the effects of crack trapping with bridging, it 
is convenient to fit an approximate curve to the results shown 
in Fig. 7. Some insight into the mechanism of crack trapping 
is helpful in choosing an appropriate form for the approxi-
mation. Bower and Ortiz (1991) give a detailed discussion of 
the behavior of a crack trapped by rows of tough particles. 
They show that if the particle toughness Kfar is less than a 
critical value, the crack penetrates the particles rather than 
bypassing them. In this case, the toughening can be calculated 
exactly (Rose, 1975), and is given by 
g~ap = \ (mar_ ) 2Rp] g~at ll + g~at 1 L (3.2) 
Bower and Ortiz (1991) have calculated the critical value of 
ggar for the crack to bypass the tough grains rather than pen-
etrate them. Their results are closely approximated by 
g~ar;g~at,.,,(2.1 +4.8RplL)2 (3.3) 
If we set ggar in (3.2) to be equal to the critical particle tough-
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ness in (3.3), Eq. (3.2) gives a good approximation to the 
toughening due to crack trapping in the limit Rm! L = 0. To 
include the effect of microcracking, we have found that good 
results are obtained by scaling (3 .2) by the distance between 
neighboring microcracks raised to an appropriate power. Thus, 
we have approximated the numerical results in Fig. 7 by 
g~rap \ 2Rp ( Rp) 2 2Rp] g~a1 = l1-T+ 2.1+4.s"L T 
x [1-2-J2:mr3 (3.4) 
The predictions of (3 .4) are compared with our numerical 
results in Fig. 7. It is evident that in the range of Rpl L and 
Rm!L considered here, (3.4) is a good approximation to the 
numerical data. 
3.2 Toughening Due to Frictional Crack Bridging. The 
tough particles which are bypassed by the semi-infinite crack 
remain intact in its wake, and contribute to toughness by dis-
sipating energy as they are pulled free from the matrix. The 
toughness progressively increases as successive bridging par-
ticles form in the crack wake. A detailed analysis of the re-
sulting R-curve behavior has been presented by Bower and 
Ortiz (1991), who used a three-dimensional model to calculate 
the variation of toughness with crack length as the bridging 
zone developed. We will not repeat their analysis here: instead 
we will derive an expression which gives the steady state tough-
ness once the bridging zone has developed fully. 
Both theory and experiment (V ekinis et al., 1990; Bower 
and Ortiz, 1991) suggest that the length of the bridged zone 
in the crack wake is several hundred grain diameters in length. 
Under these conditions, it is not necessary to account for in-
diyidual bridging particles in the crack wake: their effect may 
be represented by a distribution of pressure acting on the crack 
faces. The variation of pressure with crack opening displace-
ment must be chosen to be consistent with the bridging model 
shown in Fig. 2. By considering the force per unit area of 
bridged surface, we find that the pressure on the crack faces 
p varies with crack opening displacement b as 
(3.5) 
where p 0 =P0/L 2 is the maximum bridging stress. 
If the size of the specimen is large enough to allow the steady-
state bridging zone to develop, it is straightforward to combine 
the effects of trapping and bridging. Imagine that the crack 
is on the point of bypassing a row of tough grains. Denote the 
toughening due to trapping, calculated from our numerical 
results using Eq. (3.1), by g~rap. Then, using an argument based 
on evaluating the J integral around a contour which encom-
passes the crack tip, the flanks of the crack and material distant 
from the process zone, the effective toughness may be ex-
pressed as 
g~ff = g~ap + g~ridg°, (3.6) 
where gbrictge = p 0bcl2 is the contribution to toughness due to 
bridging. 
3.3 The Variation of Toughness with Grain Size. To find 
the variation of toughness with grain size, we combine the 
expression for toughness given in Eq. (3.6), (3.4), and (1.2) 
with the estimates of microcrack density and residual stress 
given in Section 2. To this end, we must relate the parameter 
Rm!L, which characterizes the microcrack density in (3.6), to 
the fraction of broken grain facets q given in (2.5). A suitable 
relationship may be found using a straightforward geometrical 
argument. We recall that Budiansky and O'Connell (1976) use 
E = N R~ to characterize the density of microcracks in the solid, 
where N is the number of microcracks per unit volume. In 
addition, assume that E is related to the number of facets per 
grain qbyEq. (2.7). For n= 14, this gives E""0.255q. To relate 
JULY 1993, Vol. 115 / 233 
Fig. 8 
75 
50 
25 
h 
h B 
x 
Idealized model of a double cantilever beam specimen 
Fracture Energy / Jm·2 
. 
. 
Toughness assuming •' 
Small Scale Bridging ---: 
. 
. 
. 
. 
. 
. 
. 
. 
10' Jo' 
Grain size a I µm 
Toughness assuming 
Large Scale Bridging 
10' 
Fig. 9 Predicted variation of toughness with grain size for alumina 
E to Rm!L, we observe that the total area p of the microcracks 
which intersect unit area of the crack plane is given by Ortiz 
(1988) as 
2 
p=-NRm· 
7r 
(3.7) 
In our planar model of crack trappin~, p = 7r R1;,,!L2• Inserting 
this relation and the identity N =El Rm into (3. 7) we find that 
:m=~~[!;. (3.8) 
In addition, we need to relate the residual stresses a, which 
pinch the bridging grains into the surrounding matrix to the 
standard deviation & which characterizes the statistical varia-
tion of residual stress in the solid. We have taken a, to be the 
mean value of the compressive stress, so that a,= 0.8&. Finally, 
we have set the radius of the pinning particles Rp to equal the 
grain size a. 
On this basis, we have calculated the variation in toughness 
with grain size, using parameters in our model intended to be 
representative of Alumina. The values of most of the param-
eters may be determined from independent experiments. How-
ever, there are two adjustable parameters which can only be 
determined from fracture toughness measurements: they are 
the fraction of tough particles Rp/L which form bridging grains, 
and the effective friction coefficient (3j. We have adjusted the 
value of Rp/L to fit the measured toughness for a very fine 
grained solid. The value of (3f was then chosen to predict 
correctly the maximum toughness observed in the experiments. 
The values of the parameters are listed in Table 1, and the 
toughness is plotted as a function of grain size in Fig. 9. For 
reference, we have also shown the separate contributions to 
toughness due to trapping gtrap and bridging gbridge. For a fine 
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Table 1 List of parameters used to calculate toughness of 
Alumina 
Parameter 
Young's modulus, E0 
Poisson's ratio v0 
Shear modulus µ0 =E0/2(1 + v) 
Thermal expansion coefficients: a 1 
Cool down temperature () 
Surface energy 'Y 
Matrix toughness S :;'at = 2-y 
a2 
CT3 
No. of facets per grain n 
Effective friction coefficient {3f 
Fraction of tough grains RP/L 
Length of cantilever beam specimen f 
Height of cantilever beam h 
Depth of cantilever beam b 
Value 
425 GN m 2 
0.21 
176 GN m- 2 
8.3 x 10-60c- 1 
8.3 x 10-6 °C- 1 
9.0x 10-6 °C- 1 
1500°C 
I Jm- 2 
2 Jm- 2 
14 
0.045 
0.3 
25 mm 
5 mm 
2mm 
grained solid, the main contribution to toughness is due to 
crack trapping. As the grain size increases, the toughness due 
to trapping decreases due to the increased level of microcrack-
ing in the solid. However the decrease in gtrap is outweighed 
by the increase in frictional energy dissipated in the crack wake. 
In a coarse grained solid, the main contribution to toughness 
is frictional crack bridging. 
The predictions of our model may be compared with the 
experimental results of Rice et al. (1981) which are shown in 
Fig. 1. It is clear that our model predicts correctly the increase 
in toughness which is observed in fine grained specimens. How-
ever, the analysis predicts that the toughness continues to in-
crease beyond a grain size of 100 J.Lm, whereas the experiments 
show that the toughness begins to decrease at this point. The 
values we have assigned to some of the parameters in our model 
are open to question. However, we have been unable to predict 
the decrease in toughness observed experimentally with any 
reasonable choice of the parameters. 
It is not difficult to find an explanation for the discrepancy 
between the measured and predicted toughness. The concept 
of a specimen geometry independent fracture toughness is only 
applicable if the length of the bridging zone is small compared 
to the dimensions of the specimen. Both theory and experiment 
suggest that the length of the bridging zone required to produce 
the toughness plotted in Fig. 9 is of the order of 500 grain 
diameters (Vekinis et al., 1991; Bower and Ortiz, 1991). For 
a grain size of 100 J.Lm, this corresponds to a bridged zone over 
50 mm long. The specimens used by Rice et al. (1981) were 
approximately 25-40 m~ long, so that their results for large 
grain sizes may not have been obtained under conditions of 
small scale bridging. 
Under large scale bridging conditions, it is not possible to 
predict the failure load of a component using the standard 
assumption that fracture energy is independent of specimen 
geometry. Conversely, the fracture toughness of the material 
cannot be deduced froin the failure load using standard cali-
brations of stress intensity factors. Therefore, the fracture 
toughness values quoted by Rice et al. (1981) for coarse grained 
materials must be interpreted as a measure of the failure load 
for their particular s.pecimen geometry. In the next section, we 
attempt to predict this failure load, by developing a simple 
model which takes into account the geometry of the specimen. 
4 Transition to Large-Scale Bridging 
The specimens used by Rice et al. (1981) in their fracture 
toughness measurements are illustrated in Fig. 8. Our objective 
is to calculate the critical moment Mf required to fracture the 
specimens. The value of M at failure may alternatively be 
expressed as a critical energy release rate gf using the standard 
expression for double cantilever beam specimens: 
Transactions of the ASME 
(4.1) 
~here I= bh3 /12 is the moment of inertia of the beams; b is 
their width and h their depth, and Eis the Young's modulus 
of the material. While the length of the bridging zone in the 
crack wake is small compared to the specimen size, gfis equiv-
alent to the effective fracture toughness of the solid g;ff; oth-
erwise, ~iJ< b;rr. 
To estimate bf• we assume that the mechanisms of fracture 
in the specimen are as discussed in the preceding section. Thus, 
the crack front is trapped by tough grains, and is attracted by 
microcracks in the solid. In addition, a bridging zone forms 
in the crack wake. As before, we approximate the bridging 
particles as a cohesive zone, so that the cohesive stress on the 
crack faces pis related to the opening displacement b by (3.5). 
We model each arm of the specimen as a beam, so that the 
equation governing the deflection w of the arms is 
Elw,xxxx+Pob(l-
2
0:) .=0 0:5x:5B (4.2) 
EIW,xxxx=O x~B 
Here, p 0 =P0/L2 is the maximum b~idging stress, be"" a is the 
height of the bridging particles, Bis the length of the bridging 
zone, and the comma denotes differentiation in the usual man-
ner. 
The general solution of (4.2) is 
w=~+A 1 cos(A.x) +A 2 sin(A.x) 
+ A 3 cosh(A.x) + A 4 sinh(A.x) (4.3) 
where 
A= -1!.2_ [2 b] 114 Elbe (4.4) 
While the bridging zone is fully contained within the specimen, 
the constants A 1 to A 4 are determined by the following bound-
ary conditions: 
w(O)=O 
w,x(O) = 0 
EJW,xx(B) =M 
EIW,xxx(B) = 0 
The additional conditions 
EI w2 (0) = ,,trap b ,XX UC 
be 
w(B) =1 
(4.5) 
(4.6) 
determine the critical moment Mf (or gf) and the length of the 
bridging zone B. In writing the first of (4.4) we have estimated 
the bending moment at x=O by equating the energy flux to 
the crack tip to the toughness due to trapping, using the re-
lationship between Mand b given in (4.1). 
The boundary conditions listed in Eq. (4.5) only apply if 
the bridging zone length Bis less than the length of the specimen 
r. Otherwise, the tip of the crack reaches the end of the spec-
imen before the grains at x =£are fully pulled out of the matrix. 
In this case, the preceding analysis gives an inadmissible bridg-
ing zone length B > £, and has to be repeated with boundary 
conditions 
EIW,xx<£) =M 
Elw,xx<£) = 0 
(4.7) 
replacing the third and forth of (4.5). A straightforward cal-
culation gives the maximum deflection w ( £) of the crack faces 
as 
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2w(£) sin(A£)sinh('A£)vg- [I - cos(Ai')][l - cosh(AJ')] 
be cos(Ai') + cosh(AJ') (4.8) 
where g = 2g~rap !p0bc. The failure moment Mf and hence gf 
may then be calculated by a standard application of the J 
integral, with the result 
r> =Mr =gtrap ( 2 _2w(£))2w(£)bbridge 
uf Elb2 c + Oc Oc c (4.9) 
where b~rictge is given in Eq. (1.2). Because of the constraint 
2w(£)1bc:5 l, it is evident from (4.9) that the bridging contri-
bution to b c is diminished by the transition to large-scale bridg-
ing. 
We have added the predictions of Eq. (4.9) to Fig. 9, which 
shows the variation of fracture energy bf with grain size. The 
dimensions of the specimen used in this calculation were taken 
from Rice et al. (1981), and are listed in Table I. Below a grain 
size of approximately 80 µm, the steady-state bridging zone is 
shorter than the length of the specimen, and the full toughness 
due to bridging is developed. Under these conditions, 
gf= b;rr. For grain sizes larger than 100 µm, the bridging zone 
cannot reach its steady state length, and frictional crack bridg-
ing becomes progressively less effective. In addition, the tough-
ening due to crack trapping begins to decrease rapidly, due to 
the large density of microcracks in the material. These two 
effects together cause a sharp drop in the apparent toughness 
of the material gf, which is in good agreement with the ex-
perimental results. 
APPENDIX 
Self-Consistent Estimates of the Effect of Elastic Anisotropy 
on Residual Stresses 
In this Appendix we estimate the effect of elastic anisotropy 
on thermally induced residual stresses. We consider an infinite 
solid with elastic moduli Cukt and thermal expansion coeffi-
cients r:x;j, which contains an ellipsoidal domain Q with elastic 
m~duli C;jk1and thermal expansion coefficients a7j· The moduli 
of the matrix represent the effective properties of the poly-
crystal, as defined by a self-consistent calculation. Let the body 
be subjected to a uniform temperature variation (} and let E?j 
denote a remotely prescribed strain, with a corresponding re-
mote stress a?j = C;jkt( E21- Or:xk1). Inside the inhomogeneity n, 
Hooke's law may be written as 
0 * 0 * a;j + Aau = C;jkhkt- Oakt+ AEkt) (Al) 
where Aau and AEkt represent the difference between the remote 
stress and strain, and the stress and strain inside the inho-
mogeneity. By introducing a suitable eigenstrain AE;j within 
the inclusion, (Al) may alternatively be written 
0 0 * 
au+ Aau= cijkt( Ek/- Or:xk1+ AEkt- AEkt) (A2) 
Eshelby (1957) has shown that the stress and strain fields inside 
the inhomogeneity are uniform, and are determined by the 
expression 
(A3) 
where 
5v-l 4-5v 
S;jkt= 150 _ v) bubk1+ 150 _ v) (b;kbjt+ bilbjk) (A4) 
for a spherical inclusion in an isotropic matrix, and 
Ar:xu = a;j- %· Solving (AI), (A2), and (A3) for AE;j and in-
serting the result into (Al) we find that the residual stress in 
the grain is given by 
Au= -OC(l-S)[I + (C + ACS)- 1AC(I+ S)]Aa (A5) 
In (A5), AC;jkt= C;jk,- Cukl• and I denotes the fourth-order 
identity tensor. Evidently, the term in AC in (A5) represents 
the effect of the elastic anisotropy of the grains. When AC= 0 
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i.e., when the solid is thermally anisotropic but elastically 
isotropic, then (A5) reduces to 
11u = - OC(I - S)l1a (A6) 
The general expression (A5) can be recast in this form by 
introducing an effective thermal expansion tensor of the grain 
defined as 
11a0rr =[I+ (C + 11CS) - 1 '1C(I - S)]l1a (A 7) 
This effective thermal expansion tensor accounts for both the 
thermal and elastic anisotropy of the grains. The results of 
Ortiz and Molinari (1988) can be extended to the case of elastic 
anisotropy by replacing the thermal expansion coefficients of 
the grain in (2.2) by the effective values defined by (A7). 
This result may be used to estimate the effect of elastic 
anisotropy on the residual stresses in alumina, which has an 
hexagonal closed-packed structure with elastic moduli: c11 =465 
GPa, c33 = 563 GPa, c44 = 233 GPa, c66 = 124 GPa, c12 = 117 
GPa, c13 = 101 GPa, and thermal expansion coefficients: 
c.:1 =c.:2 =8.3x10- 6 
0 c- 1, c.:3 = 9.0 x 10- 6 
0 c- 1• Take as ef-
fective elastic moduli £=425 GPa, v=0.21, and as effective 
thermal expansion coefficient a= 8. 8 x 10- 6 0 c- 1• Then (A 7) 
gives: c.:jff = c.:3ff = 8.297 x 10- 6 0 c- 1, C(~ff = 9.043 x 10- 6 0 c- 1, 
which differ negligibly from the actual thermal expansion coef-
ficients. Therefore, if follows from this estimate that the effect 
of the elastic anisotropy of the grains on the average residual 
stresses is negligible in the case of alumina. However, this does 
not necessarily imply that elastic anisotropy has no effect on 
microcracking. The anisotropy may still significantly affect 
local variations of stress near grain boundaries and triple grain 
junctions (Tvergaard and Hutchinson, 1987). 
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